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ON THE CONFORMAL MAPPING OF A REGION 
INTO A PART OF ITSELF. 

By J. F. Ritt. 

1. This note will extend to domains of any degree of connectivity a 
theorem proved for simply connected domains by G. Julia in the pre- 
liminaries to his prize memoir on the iteration of rational functions.* 

Consider, in the plane of the variable z, a closed and bounded domain A, 
consisting of a two-dimensional continuum plus its boundary. Let a 
function f(z) be analytic in A and assume throughout A values which 
correspond to inner points of A. Then f(z) maps A conformally on a 
Riemann surface of one or more sheets, every interior and boundary point 
of which lies with'n A. If we project the points of this Riemann surface 
upon the z plane, we obtain a closed domain Ai. To every value assumed 
by /(z) m A, no matter how many times, there corresponds one and only 
one point of A x . The domain Ai consists of inner points and boundary 
points, each boundary point being a limit point of inner points. Every 
value which /(z) takes at an inner point of A gives an inner point of Ai; 
the boundary points of Ai correspond only to values which f(z) takes at 
boundary points, but not at inner points, of A; in certain cases, however, 
values which f(z) takes only on the boundary of A may give inner points 
of Ai. It is easy to show that the inner points of Ai form a continuum, 
but we shall not have occasion to use this fact. 

It is evident that fiz) transforms Ai into a closed domain A 2 whose 
points are all inner points of Ai, A 2 into a smaller domain A3, etc. 

The theorem we are to prove states that: 

(a) In the transformation of A into Ai, one and only one point of A 
stays fixed. 

(b) At this fixed point a, we have |/'(a) | < 1. 

(c) The domains A, Ai, A 2 , • ■ • , A n , • • • converge to the fixed point. 
The application of this theorem to doubly connected regions shows 

that it is impossible to shrink a ring conformally into a ring situated 
in its interior; that is, if the given ring is bounded by certain curves 
C\ and C 2 (C 2 interior to C\), it is impossible to map the ring conformally 
in a one-to-one manner upon a ring bounded by curves Ti and I"-., with 
Ti interior to C\ and C 2 interior to r 2 . For it is clear that the points of 

* G. Julia, Sur l'iteration des fonetions rationnelles, Journ. de Math., 1918, p. 69. 
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the second ring would be mapped on a third ring, interior to the second, 
the third ring on a fourth in its interior, etc., and that the sequence of 
rings thus obtained could not converge to a point. 

It will be seen that Julia's proof, which consists in mapping A on a 
circle, in showing the existence of the fixed point by the theory of the 
zeros of analytic functions and in using Schwarz's lemma for the second 
and third items of the theorem, cannot be used when A is multiply con- 
nected. We shall handle the general case by means of Montel's normal 
families of functions, which Julia uses later himself, to the greatest ad- 
vantage, in his remarkable paper. 

2. We denote the nth iterate of /(«) by f n (z). Since, for every z in A, 
f(z) also lies in A, it is clear that all of the iterates 

(1) /i(s), /.GO, ■■■,/»(*), ••• 

are defined throughout A, and have a common upper bound for their 
moduli in A; they constitute a normal family in the sense of Montel. 
We can therefore select from the sequence (1) a new sequence 

(2) /*(*),/<,(*), •■■,/*■», ••• 

which converges uniformly in every closed domain interior to A to an 
analytic function <p(z).* 

The central part of the proof consists in showing that <p(z) is a constant. 
Let us grant this fact for the moment; we shall see that the theorem fol- 
lows directly from it. 

The functions of the sequence (2) converge uniformly in Ai, which is a 
closed domain interior to A. The values assumed by /,-„(«) in Ai are the 
affixes of the points of A,- n+ i. Hence if <p(z) is a constant a, the domains 



Wj+lj £±H+\, 



A;„+i, 



must converge to the point a. But since every A„ contains A„ + i, it is 
clear that the domains of the entire sequence 

Al, A2, • • •, A n , • • ■ 

converge to a. 

The point a must stay fixed in the mapping, otherwise, for large 
values of n, the domain A„ which is very small, and close to a, could not 
contain A K+i , which would be very small and close to /(a). The fixed 
point a is clearly interior to every A„. 

Finally we must have \f'(a) \ < 1. For since /(a) = a, we have 

W(a) =/'[/ i „- 1 (a)]-/'[/ i „_ 2 (a)].../'(a) = [/'(a)]-. 



1 See, for instance, Montel, Les Sdries de Polynomes, p. 22. 
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But 

<p'(a) = lim/,„'(a), 

and since <p'(z) is identically zero, we must have 

\f'(a) \ < 1. 

It remains now only to prove that <p(z) is a constant. 

We shall show first that if tp(z) is not a constant, the points corre- 
sponding to the values assumed by <p(z) in any one of the domains A p 
(p = 1, 2, ■ ■ •)>* are the points common to Ai, A 2 , • • •, A„, ■ ■ -.f 

Firstly, if w is interior to each of these domains, it is interior, in par- 
ticular, to the domains of the sequence 

Aii+p, Ai'2+p> • • •, .Ai„+ P , • • •. 

Since /,„(z) transforms A p into Ai„+ P , each function of the sequence (2) 
assumes the value w at some point of A p . It is the simplest matter to 
show from this that <p(z) also assumes the value « in A p . 

Conversely, let <p(z) assume the value w at some point f of A p . If <p(z) 
is not a constant, there must exist a circumference lying wholly within 
A p _i, with center at £", on no point of which <p(z) is zero; there is a positive 
M such that, along this circumference, 

| <p(z) — to ! > M. 

For n sufficiently great, we have, along the same circumference, 

\fjz) - <p(z) ! < M . 

Hence, by a well-known theorem on the zeros of analytic functions, the 
function 

fu(z) - co = [<p(z) - co] + [/,-.(«) - <f(z)} 

has the same number of zeros within the circumference as ip(z) — to. 
What is the same, u is interior to A, n+P _i for n sufficiently large, and hence 
it is interior to every A„. 

Thus <p(z) transforms every A p into the same domain 8 which consists 
of the points common to all of the domains Ai, A 2 , • • •, A„, 

In transforming A p into 5, the boundary points of 5 come only from 
the boundary points of A p ; in transforming A p+ i into 5, the boundary 



* We take p at least equal to 1, because we have not shown that the sequence (2) converges 
in a domain which includes A. 

t The proof of this fact will be recognized as a familiar argument in the theory of normal 
families. 
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points of 5 must come from the boundary points of A p+1 . But since the 
boundary points of A p+ i are inner points of A„, the boundary points of 
Ap.Li can give only inner points of 6. 

The assumption that <p(z) is not a constant has forced a contradiction. 
The theorem is proved. 

Colombia University. 



